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This is the second of two companion papers concerned with the active control of
structural vibration transmission. Five different active control strategies have been studied
for the reduction of structural power transmission from a source to a receiver via a number
of active mounts. The effects of transducer errors and the problems created by the presence
of an uncontrolled flanking excitation acting on the receiver have been analyzed.
Minimization of the total power transmitted to the receiver through the mounts has been
compared with more practical control strategies at the junctions connecting the mounts to
the plate: the cancellation of out-of-plane velocities, the cancellation of out-of-plane forces,
the cancellation of the power due only to the out-of-plane velocities and forces and the
minimization of the sum of squared out-of-plane velocities and weighted square forces. The
control of total power gives the best results under ideal conditions but, for realistic cases,
characterized by measurement errors and flanking paths, the cancellation of velocity or
force is more effective than the active control of measured power. The minimization of the
sum of squared velocities and weighted squared forces gives a particularly interesting result
since the performance of the active control system is then almost the same as that of
minimizing total power and this performance is not sensitive to measurement errors or
flanking paths.
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1. INTRODUCTION

In recent years, an increasing amount of work has been published on active control of
vibration transmission. The first examples of commercial active mounts have appeared and
the main applications have thus far been automotive suspension [1], seismic isolation of
experimental platforms and precision manufacturing machines [2] and the isolation of
machines [3]. With reference to the last category of applications, there are several examples
of systems in which active isolators are used successfully. Car, ship, helicopter and
aeroplane engines transmit high levels of vibration to the structure of the vehicle on which
they are mounted and this vibration can cause structural failure or unwanted noise.
Electrical motors in domestic machines (washing machines, refrigerators and air
conditioning systems) also generate vibration that is transmitted to the machine case,
which then generates noise.

This paper presents a theoretical study of the active isolation of vibration transmission
to a structure on which a machine is mounted. In the companion paper [4] the details of
the matrix model formulation and the passive dynamic behaviour of the system were
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introduced, while in this paper the effectiveness of different active control strategies is
examined.

The performance of traditional passive mounts is limited by the simultaneous need for
a stiff mount to provide a reaction to the static load of the source and the need for a soft
mount to limit the vibration transmission due to the dynamic excitation of the source
[1–3, 5–7]. The damping supplied by a mount reduces the vibration transmission at its
resonance frequency but compromises the isolation at higher frequencies [1, 5, 6].

The use of an active control system can overcome these limitations and allows higher
levels of vibration isolation. The secondary actuator can be placed inside the mount or
can be applied separately to the receiver by using an actuator in series with a seismic
mass or by using a piezoceramic actuator attached to the receiver [8, 9]. When the actuator
is mounted inside the suspension system, two different configurations are possible: in
series or in parallel with the passive member of the suspension. In this paper, the
actuator is assumed to be in parallel with the passive mount and to provide only an axial
excitation.

Most of the studies of active isolation refer to simple one-degree-of-freedom models that
do not accurately represent many of the phenomena that occur in practice. von Flotow
[10] has discussed the dynamics of the different parts of an isolator in detail. He pointed
out that both the source and the receiver are distributed systems, the dynamics of which
can only be modelled as rigid bodies at low excitation frequencies. In a mid-frequency band
between the fundamental resonance and the region of high modal overlap these systems
can be modelled as modal systems. At higher frequencies, a reasonable approach is to
model these systems as equivalent infinite structures in which only propagating phenomena
occur. In many situations, the machine is much stiffer than the receiver, and the mid- and
high-frequency regions referred to above are moved up in frequency. The mount dynamics
are characterized by low frequency resonances due to the mass vibrating on the elastic
mount while, at higher frequencies, the resonances due to the modal behaviour of the
distributed mount must be considered. Blackwood et al. [3] and Jenkins et al. [11] provided
preliminary studies of active isolation control by considering the effects induced by a
distributed receiver and by a multi-mount suspension system. This paper presents a
detailed theoretical study of an active isolator by modelling multi-distributed mounts
and by considering a distributed receiver. It is assumed that the source structure has
a fundamental resonance at a frequency above the range examined and so it can be
modelled simply as a rigid body. A generalized external force is used to represent the
source excitation, which is usually due to impacts, imbalanced rotation of oscillating
members and bearing and gear meshing vibration [12]. In particular, a case has been
studied in which the source is a rigid mass free to move in two directions and rotate in
a plane, connected to an infinite or finite plate by a pair of active mounts. A detailed study
of the passive vibration transmission of such system has been provided in the companion
paper [4].

Pan et al. [13] studied the dynamics of an active isolator by considering power
transmission and thus extended the modelling of passive isolation systems in terms of
power [14, 15] to the modelling of active isolators. As is shown in the companion paper
[4], the dynamics of a multi-mount isolator, having distributed members with
multi-directional vibration, is quite complicated but by considering power transmission
almost all of the important information is retained. Power is not only considered simply
as a good parameter for describing the vibration, but also many authors [16–21] have
started to consider power minimization as an objective for the active control architecture
in structural isolation. Pan et al. [22, 23] applied this new strategy to isolator systems and
showed that it is possible to reduce the power transmission to a receiver.



   ,  97

The minimization of total power transmission must by definition be the optimal strategy.
However, the difficulty in measuring such a parameter and the effects produced by flanking
paths make this control approach difficult to carry out in practice.

Therefore, the effectiveness of alternative control strategies has been studied and gauged
with reference to the minimization of total power, which has been used as a ‘‘benchmark’’
for active isolation of structural vibration transmission. Four alternative control strategies
have been considered: the conventional strategies of cancelling velocities or forces at the
receiver junctions, the minimization of an estimate of power (power due to out-of-plane
velocities and forces measured at the receiver junctions) and, finally, the minimization of
the sum of squared out-of-plane velocities and weighted squared out-of-plane forces at the
receiver junctions. These control strategies require relatively simple measuring devices and
this is a key simplification in making these approaches practical.

The performance of each of these control strategies is first estimated under ideal
conditions and then in the presence of an uncontrolled flanking path acting on the receiver,
or in the presence of measurement errors which are always produced by the sensors.
Scheuren et al. [24] have presented some experimental results on the effects of a flanking
source when the active isolation is based on a conventional cost function. In this paper,
these effects are also considered for an uncontrolled flanking excitation when the power
cost function is utilized.

2. CONTROL STRATEGIES

The isolating system studied consisted of a rigid mass acting as a source, connected to
a receiver plate through a pair of mounts, each of which has an internal secondary actuator
which can generate an axial control force. A sketch of such a system is shown in Figure 1.
A detailed description of the matrix model used to describe its dynamics was formulated
and presented in the companion paper [4]. The velocities and forces at the source and
receiver junctions are grouped respectively into two vectors vsr and fsr and two equations
were used to relate these parameters to the primary-flanking qpf and control qs excitation
vectors [4],

vsr =Qpvqpf +Qsvqs , fsr =Qpfqpf +Qsfqs , (1, 2)

where the four matrices Qpv, Qsv, Qpf and Qsf can be derived by using equations (22–25)
of reference [4].

Figure 1. The active isolation system.
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The strategies considered here for active control can all be expressed in terms of a
quadratic cost function which is minimized and this can always be written in the form
[25–27]

J= qH
s Aqs + qH

s b+ bHqs + c. (3)

The control source that minimizes this quadratic equation is given by [25–27]

qs (opt)=−A−1b. (4)

The control strategy of (a) minimizing total power transmitted by the source to the receiver
(Jp) [22, 23] was compared with two conventional strategies that are (b) the cancellation
of axial input velocities to the receiver (Jv ) [3, 12] and (c) the cancellation of axial input forces
to the receiver (Jf ) [3] and also compared with two alternative cost functions based on (d)
the minimization of an estimate of power transmitted by the source to the receiver (Ja ) given
by the product of the out-of-plane velocities and forces at the receiver junctions and (e)
the minimization of the sum of squared out-of-plane input velocities and the weighted squared
out-of-plane input forces to the receiver (Jv,f ). In this paper these five control strategies will
be referred to as (a) total power minimisation, (b) velocity cancellation, (c) force
cancellation, (d) axial power minimization and (e) velocity and force minimization.

When the total power is minimized, the cost function is

Jp = 1
2Re (fH

r vr )= 1
4(f

H
r vr + vH

r fr ), (5)

where all six velocities and forces at each of the receiver junctions are given by the
following two equations

vr =Rpvsr , fr =Rp fsr , (6, 7)

in which Rp =[0t× t It× t ] and 0t× t and It× t are, respectively, a zero matrix and a unit matrix
and t is the dimension of the source and receiver vectors. The two matrices in the quadratic
form of equation (3) are then given by

Ap = 1
4(Q

H
sf RT

p RpQsv +QH
svRT

p RpQsf ),

bp = 1
4(Q

H
sf RT

p RpQpvqpf +QH
svRT

p RpQpfqpf ). (8, 9)

When axial velocity cancellation is implemented then the cost function has the form

Jv = v̄H
r v̄r (10)

and v̄r = {ẇr1 ẇr2}T is a vector containing only the out-of-plane velocities at the receiver
junctions. This vector can be derived by using equation (6), but the matrix Rp is replaced
by a matrix Rv =[02× tH2× t ]: matrix H2× t contains unitary values that correspond to the
out-of-plane degrees of freedom. The two matrices in equation (3) are then given by

Av =QH
svRT

v RvQsv , bv =QH
svRT

v RvQpvqpf . (11, 12)

When axial force cancellation is implemented then the cost function has the form:

Jf = f�H
r f�r, (13)

where f�r = {Nzr1 Nzr2}T is a vector containing the out-of-plane forces at the receiver
junctions. This vector can be derived by using equation (7) but the matrix Rp is replaced
by a matrix Rf =[02× t H2× t ]. The two matrices in equation (3) are then given by

Af =QH
sf RT

f RfQsf , bf =QH
sf RT

f RfQpfqpf . (14, 15)
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If axial power is minimized the cost function assumes exactly the same form as equation
(5) but only the velocity and force vectors containing the out-of-plane parameters (v̄r , f�r )
are considered:

Ja = 1
2Re ( f�H

r v̄r )= 1
4( f�H

r v̄r + v̄H
r f�r ). (16)

The two matrices in equation (3) are then given by

Aa = 1
4(Q

H
sf RT

f RvQsv +QH
svRT

v RvQsf ), ba = 1
4(Q

H
sf RT

f RvQpvqpf +QH
svRT

v RfQpfqpf ).

(17, 18)

Finally, if a cost function which considers both velocities and forces are considered is
minimized, then both the velocity and force vectors containing the out-of-plane parameters
(v̄r , f�r ) must be used. Such a cost function is given by

Jv,f = v̄H
r v̄r + mf�H

r f�r , (19)

where m is a weighting factor which is used to combine the two parameters in the cost
function. The weighting factor m has the dimensions of mobility squared (s/kg). In the
simulations reported here, m was set equal to the square of the point mobility of an infinite
receiving plate of an appropriate thickness and was thus independent of frequency. It was
found, however, that the exact value of this parameter did not significantly affect the
results. The two matrices in equation (3) are then given by

Av,f =QH
svRT

v RvQsv + mQH
sf RT

f RfQsf , bv,f =QH
svRT

v RvQpvqpf + mQH
sf RT

f RfQpfqpf .

(20, 21)

Total power minimization must by definition be the optimal control strategy. It acts as
a benchmark against which the other four control strategies can be judged. The total power
is a cost function that allows the simultaneous weighting of different types of parameters.
In particular, it is possible to weight simultaneously the effects of linear and angular
velocities and the effects of forces and moments. The conventional strategies of cancelling
the axial velocities or forces are limited in this sense since linear or angular parameters
can be considered only in isolation. The two alternative cost functions based on axial
power minimization and velocity and force minimization also use only out-of-plane
velocity and force parameters at the receiver junctions.

3. ACTIVE CONTROL EFFECTIVENESS

In this section the performance of an active isolating system is examined by considering
the five control strategies when a ‘‘combined primary excitation’’ perturbs the source. The
combined primary excitation consists of axial (Fzp ) and transverse (Fyp ) unit forces and a
unit torque (Txp ). These excitations are harmonic with time dependence of the form
exp(jvt). In all of the simulations conducted this form of primary excitation was used,
applied to the system shown in Figure 1, the dimensions and physical characteristics of
which are the same as those assumed in the companion paper [4]. The simulations were
limited to a frequency range between 0 and 1000 Hz and the performance of the active
control isolation was studied by considering the total power input into the receiver before
and after control.

3.1.   

The physical effects generated by the active control are introduced here by considering
the total power minimization control strategy when the receiver is a 100 mm thick infinite
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Figure 2. The power transmitted to an infinite 100 mm thick plate when a combined excitation acts on the
source. , Uncontrolled system; ———, total power minimization.

plate. The frequency distribution of the power transmission to the receiver can be more
easily understood when the receiver is an infinite plate, since the peaks associated with
the normal modes of a finite plate do not exist. Also thick plate was chosen to reduce
the dissipative effects of the infinite receiver at low frequencies and so the peaks related
to the three rigid modes of the isolator (axial mode, transverse mode and pitching mode)
are quite distinct and can be easily identified in the frequency band between 6 and 12 Hz
[4].

In Figure 2 is shown the power transmitted to the receiver without control, and
when total power is minimized for a range of single frequency excitation. An average
attenuation of about 25 dB is obtained over the frequency range examined, with an
attenuation of about 80 dB at rigid body resonance at about 12 Hz. The response of the
system after control is now characterized by different resonance conditions, and at
these resonance frequencies the attenuation of power transmission is limited to about
10 dB.

When active control is implemented, only two of the three rigid body modes are present,
and they have resonance frequencies different from those of the passive system [4]. The
isolator resonance at 500 Hz due to longitudinal waves in the mounts is also cancelled and
a new peak at around 600 Hz is introduced which is due to a flexural wave resonance in
the mounts [4]. All of these changes to the system’s response are related to the fact that,
when total power is minimized, the axial forces at the mount ends are greatly attenuated
by the action of the control forces. The axial control forces completely decouple the axial
oscillation of the source from the mounts, and the axial rigid body mode of the source
and the axial mode due to the longitudinal waves propagating in the mounts disappear.
The transverse and pitching modes are still present but are now controlled solely by the
bending stiffness of the mounts (instead of bending and normal stiffness) and therefore
their natural frequencies are reduced. In the companion paper [4] it was found that the
natural frequencies of the transverse and pitching modes were approximately given by
considering respectively the transverse stiffness (kt ) and the mass (m) of the source and
by considering the pitching stiffness (kp ) and the moment of inertia of the mass (IG ). The
same approach can be used to determine the natural frequencies after control but, because
the transverse and pitching modes after control are now controlled by the mounts acting
as springs reacting only to rotation, both the transverse and pitching stiffnesses of the
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mounts are changed and assume the following values: k't = k'p =6EIx /h2 [5]. Therefore, the
new natural frequencies are

f 't =(1/2p)z2k't /m=1·31 Hz, f 'p =(1/2p)z2k'p /IG =7·5 Hz. (22, 23)

These two values are close to the resonance conditions visible in Figure 2. Because there
is no substantial axial excitation of the mounts, the resonance due to standing longitudinal
waves in the mount is also cancelled. The source excitation is redirected to rotation and
the resonance due to flexural standing waves in the mount is now more effectively excited
than before active control.

After having described the main effects of active control on the dynamics of the system
with reference to a thick receiver plate, the power transmission to the receiving plate can
now be considered for various control strategies when the plate is of a more realistic
thickness.

In Figure 3 is shown the frequency distribution of the power transmitted to a 5 mm thick
infinite receiver plate without control and by controlling the total power transmitted to
the receiver. Because the receiver plate is thinner than the plate considered above, the
dissipative effect due to out-of-plane excitation is particularly high and the rigid mode
resonances of the system without control are grouped together in a single broad peak at
around 7 Hz. The average reduction in the power transmitted to the receiver is about 30 dB
and the maximum and minimum reductions are about 45 dB and 6 dB, respectively. When
active control is implemented, the dynamics of the system change in much the same way
as seen in Figure 2. This is because the axial motion at the bottom of the mounts is greatly
diminished and so the receiving structure appears to be almost rigid after control. The
response of the system is characterized by two resonances related to the transverse and
pitching modes of the isolator and the resonances due to flexural waves in the mounts
replacing the resonances due to longitudinal waves. The two new rigid body resonances
of the isolator are characterized by relatively sharp peaks. This is due to the fact that when
there is no control excitation the transverse and the pitching modes are both characterized
by axial, transverse and angular oscillations of the source [4]. The axial oscillation is
controlled by the mount’s axial stiffness and by the plate’s out-of-plane reaction which is
purely dissipative [4] and can thus induce a lot of damping into such modes. When the
active control is implemented, the transverse and pitching modes are now controlled only

Figure 3. The power transmitted to an infinite 5 mm thick plate when a combined excitation acts on the source.
, Uncontrolled system; ———, total power minimization.
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Figure 4. The modulus of the control sources for total power minimization strategy when the receiver is an
infinite 5 mm thick plate. ——, Left mount; ......, right mount.

by the transverse and pitching oscillations of the source since the axial oscillation is
completely uncoupled by the control forces. Moreover, the pitching oscillation is
controlled by the mount’s bending stiffness (instead of bending and normal stiffness) and
therefore the natural frequencies of these two modes are related to transverse and bending
stiffnesses of the mounts and with angular and in-plane reaction of the plate. The angular
reaction of the plate is dissipative and reactive [4] and produces a relatively low damping
effect; therefore, in the presence of the active control action the transverse and pitching
modes of the isolator are more lightly damped than for the system without control.

In Figure 4 is shown the modulus of the control forces required by such a control
strategy. Jenkins et al. [11] and Nelson et al. [28] studied the control force required to
cancel the motion of the receiver for several different configurations of the control system
using a single-degree-of-freedom model, of which the ‘‘parallel cancellation system’’ is the
one most relevant here. The control force in this case was predicted to be relatively large
at very low frequencies and to reduce as the frequency increases. This result suggests that
the need for a soft mount, to monotonically reduce the natural frequency of the axial rigid
body mode to be as low as possible, can be overcome, since the control force is not
perturbed by the presence of such a resonance. By using a parallel cancellation system it
should thus be possible to use a more rigid passive mount which produces better control
over the static position of the source structure. The results presented in Figure 4 show the
general trend predicted in references [11, 28], but also show a peak in the required force
at the natural frequencies of the transverse and pitching modes. This suggests that
increasing the stiffness of the mounts may generate some problems with a practical
controller even when the parallel cancellation system is considered.

If the contribution to the power transmission due to each degree of freedom after control
is calculated, it is found that the main contribution to the power transmission when the
active control is implemented is due to the axial and transverse power at low frequency
and to the angular power at high frequency. When the two rigid body modes of the
controlled system are excited, the power transmission is due to all of the components.
However, the axial power is larger than the total power transmitted to the receiver at these
frequencies. The reason for this is that axial power is not transmitted to the receiver but
is absorbed from the receiver. Power thus circulates in the system, with part of the
transverse and angular power transmitted to the receiver being absorbed by the control
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Figure 5. The power transmitted to an infinite 5 mm thick plate when a combined excitation acts on the source.
, Uncontrolled system; –.–.–, velocity cancellation; ......, force cancellation.

sources as axial power. This behaviour is rather different from that shown in reference [4]
for the passive isolator. When the active control of total power transmission is
implemented, the transverse displacements and the rotations become as important as the
axial displacements and a new phenomenon of ‘‘power circulation’’ characterizes the power
transmission to the receiver.

The performance of the four active control strategies which use only axial velocity and
force signals is shown in Figures 5 and 6. When these four control strategies are
implemented in an infinite receiver plate, the dynamics of the system change in a similar
way to that for total power minimization. The overall effects of these four control strategies
are thus quite similar to each other in this case, and the average reduction in the power
transmitted to the receiver is about 20 dB, while the maximum value is about 40 dB.
However, when active control is implemented and the transverse or pitching rigid body
modes of the isolator are excited, the performance is very poor, since the power transmitted
to the receiver is even larger than before control. These alternative control approaches thus
give good results at high frequency, where the attenuation is close to that obtained by

Figure 6. The power transmitted to an infinite 5 mm thick plate when a combined excitation acts on the source.
, Uncontrolled system; –.–.–, velocity and force minimization; ......, axial power minimization.
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Figure 7. The efficiency of the passive isolation ( ) and active isolation when velocity and force cost
function is minimized (———) for an infinite 5 mm thick plate.

minimizing total power transmission. On the other hand, at low frequency these four
control strategies produce poor results, particularly in the frequency band of the rigid body
modes of the isolator.

The power transmission due to each degree of freedom after control has also been
calculated. The velocity cancellation and force cancellation reduce the axial power
transmission to zero and only transverse and angular power transmission occur. The
transverse component of power is about 15 dB less than the angular power component.
When the axial power is minimized, the residual angular power is the most important. The
axial power is also negligible at high frequencies but in the frequency band of the rigid
body modes it is quite large and is even larger than the total power transmitted in the
frequency range between 0 and 100 Hz. This is due to the phenomenon of power
circulation described above, and in this case the absorption of axial power from the
receiver is so large that it is balanced by a quantity of angular power that is also higher
than the total power transmitted to the receiver. As explained in Appendix A, when only
some of the sources of power input to the receiver are accounted for in the cost function
being minimized (in this case the control system is neglecting transverse and angular power
input by the isolator), the power minimization control strategy will act to absorb power
from only unobserved excitation. The power absorption could be so large that the total
power transmission to the receiver is actually increased. When velocity and force control
is used the transmission of power occurs mainly through angular power. A small amount
of power is also transmitted by axial and transverse power. At low frequency, axial power
transmission is greater than transverse power transmission while as the frequency rises this
situation is reversed. It should be noted that in this control case there is a very little power
circulation occurring between 9 and 70 Hz.

Jenkins et al. [11], Pan et al. [13] and Pan et al. [23] used the efficiency ratio [4, 28, 29]
to represent the effectiveness of the passive and active isolation, which can be defined as
the ratio of the power transmitted to the receiver by an isolator with rigid mounts and
the power transmitted to the receiver by an isolator with flexible mounts:

E=Pt (rigid mounts)/Pt (passive or active mounts). (18)

In Figure 7 is shown the frequency distribution of the efficiency ratio when passive isolation
and active control isolation based on velocity and force minimization are used. This
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figure shows that the active isolator system on average increases the efficiency of the
isolation by about 20 dB. The problems of passive isolation at low frequency, as discussed
in the companion paper, are also overcome since, apart from the frequency at which the
pitching rigid body mode is excited, the efficiency after active control is always larger than
one.

3.2.   

In this section the effects of active control are examined when the receiver is a finite
plate of dimensions 1 m×1·5 m×5 mm. In Figure 8 is shown the frequency distribution
of the power transmitted to the receiver without control and after minimization of the total
power transmission. Although the power transmission before control is dominated by the
resonances of the receiver structure, the results after control are quite similar to those for
the isolator system mounted on an infinite receiver (see Figure 3). Total power control
produces an average reduction of the power transmission of about 20 dB. The control of
the rigid modes presents the same type of problems described in the previous section and
the reduction of the power transmission is almost zero when the two rigid modes are
excited by the controlled system. From 20 Hz to 200 Hz large attenuations are achieved,
of the order of 30 dB, but for frequencies greater than 200 Hz the reduction is diminished
to 20 dB. The reason for this reduction of the active control performance is related to the
dynamics of the receiver. At around 80 Hz the flexural waves propagating in the receiver
plate have wavelengths which are comparable to the distance between the two mounts, and
so the coupling between the motion under the two mounts becomes weaker, and therefore
the power injected by them becomes more independent [30]. Below about 200 Hz, where
the flexural wavelength is long compared to the distance between the mounts, the axial
secondary force generated by one mount can influence the moment introduced at the other
mount [31] and thus the active mounts have a greater capability for controlling the total
motion of the receiving structure.

The performance of the velocity and force cancellation control strategies is shown in
Figure 9. At low frequencies the active isolator produces poor results, since the power
transmitted to the receiver is of the same magnitude as the power transmitted by the passive
isolator system when the transverse or pitching rigid body modes of the isolator are excited.
The reason why the rigid body modes cannot be cancelled is due to the power circulation

Figure 8. The power transmitted to a finite 5 mm thick plate when a combined excitation acts on the source.
, Uncontrolled system; ———, total power minimization.
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Figure 9. The power transmitted to a finite 5 mm thick plate when a combined excitation acts on the source.
, Uncontrolled system; -.-.-, velocity cancellation, ......, force cancellation.

phenomenon described in the previous section. At frequencies above the two resonances
of the rigid body modes and below 200 Hz, the control effectiveness of these two strategies
is about the same as that of controlling total power. The power reduction becomes smaller
when the modes of the distributed mounts and receiver plate are excited. It should be noted
that the resonances due to the receiver modes occur at different frequencies in the two
control cases, and this can be explained in terms of the modal behaviour of the receiving
plate. The velocity cancellation control strategy constrains the out-of-plane vibration at
the two junctions where the mounts are connected to the plate. Thus, for the velocity
cancellation control strategy, the plate can be assumed to be simply supported at the four
edges and pinned at the two junction points. This new configuration of the boundary
conditions increases the stiffness of the plate and therefore the natural frequencies occur
at higher frequencies than in the reference case. On the other hand, the force cancellation
control strategy does not produce any change in the displacement boundary conditions
of the plate and the natural frequencies remain those of the simply supported plate. At
frequencies above 200 Hz, the results obtained by the velocity and force control strategies
are similar to those produced by the total power control strategy.

The control of axial power produces results which are worse than those produced by
force or velocity cancellation, giving average reductions of only about 10 dB, as shown
in Figure 10. Power circulation is found to be very strong in this case, which causes a lot
of problems, particularly when the rigid body modes are excited after control. In fact, when
the rigid body modes are excited the power transmission to the receiver plate is greater
after control than before. For frequencies above 200 Hz, the control performance is similar
to velocity or force cancellation. The cancellation of out-of-plane velocity or force
produces poor results when the modes of the receiver are excited. The fact that these modes
occur at different frequencies, as described above, suggest that using a cost function which
minimizes a combination of both out-of-plane velocities and out-of-plane forces at the
receiver junctions should give better control.

Also shown in Figure 10 are the results of minimizing the cost function given by the
weighted sum of the squared velocity and squared force, as described in section 2. This
performs very well when compared with conventional velocity or force cancellation: the
rigid body modes after control are quite successfully controlled. In the frequency range
between 20 and 200 Hz most of the peaks due to either velocity or force cancellation are
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Figure 10. The power transmitted to a finite 5 mm thick plate when a combined excitation acts on the source.
, Uncontrolled system; -.-.-, velocity and force minimization; ......, axial power minimization.

suppressed and even at higher frequencies the isolation is increased. The value of this
control strategy becomes even more evident when compared with the total power
minimization control strategy (see Figure 8). In general, one observes that the
minimization of the weighted sum of squared values of velocities and forces gives almost
as good a performance as minimizing total power except that the control of forces and
velocities give slightly higher peak values (by a few decibels) at the controlled resonance
frequencies.

In Figure 11 is shown the kinetic energy of the receiver plate before control and when
either axial power or velocity and force are minimized. Upon comparing this plot with
Figure 10, it is evident that the frequency distribution of the kinetic energy of the receiver
plate before and after control is similar to the frequency distribution of power transmitted
to the receiver before and after control respectively. Therefore, the power transmitted to
the receiver can be considered to be a parameter which indicates the energy of the receiver
structure available for causing radiated sound [4, 32].

Figure 11. The total kinetic energy of the finite 5 mm thick plate when a combined excitation acts on the
source. , Uncontrolled system; -.-.-, velocity and force minimization; ......, axial power minimization.
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Figure 12. The efficiency of the passive isolation ( ) and active isolation when velocity and force cost
function is minimized (——) for a finite 5 mm thick plate.

For the isolating system with a finite plate receiver, the frequency distribution of the
efficiency ratio is shown in Figure 12 before active control and for velocity and force
minimization, which shows that an average efficiency improvement of about 20 dB is
achieved. The active isolation is also effective at frequencies below 100 Hz where the
passive isolation can produce efficiencies smaller than 1 at the receiver resonances [4].

4. ACTIVE CONTROL EFFECTIVENESS WHEN THE MOUNTS ARE INCLINED

In many applications the mounts are not vertically oriented, since by inclining them it
is possible to uncouple one degree of freedom from another and achieve better passive
vibration isolation [6]. In this section the effects produced by a system with inclined active
mounts applied on a simply supported finite plate are examined. The inclination of the
suspension is assumed to be 30°, and their geometry and physical characteristics are the
same as those assumed in the previous section. The source is again excited by a combined
primary excitation.

In Figure 13 is shown the power transmission when total power is controlled, while in
Figures 14 and 15 are shown, respectively, the power transmitted to the receiver when
velocity (out-of-plane receiver velocities) or force (out-of-plane receiver forces) are
cancelled and the power transmitted to the receiver when axial power (power due to
out-of-plane receiver velocities and forces) or force and velocity (sum of squared
out-of-plane receiver velocities and weighted squared out-of-plane receiver forces) are
minimized.

Without control, the inclined mounts react with different stiffness and with different
damping values to each rigid body mode than when vertically oriented. As a consequence,
different natural frequencies and oscillation amplitudes are achieved for the rigid body
modes of the isolator. The natural frequencies of the transverse, axial and pitching modes
are, respectively, about 4 Hz, about 5·3 Hz and about 8 Hz. The advantage of using an
inclined suspension for passive isolation is evident by comparing the frequency distribution
of the power transmitted to the receiver without control in Figure 8 with that shown in
Figure 13. The response of the rigid body modes is slightly smaller in the second case, and
better results can be achieved by finding the optimal inclination that uncouples the
three-degree-of-freedom characteristics of this system.
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Figure 13. The power transmitted to a finite 5 mm thick plate when a combined excitation acts on the source
and the mounts are 30° inclined. , Uncontrolled system; ———, total power minimization.

Inclining the mounts does not, however, improve the performance of the system when
active control is applied. By comparing the power transmitted after control in Figures 8
and 13, it can be seen that the transmitted power after control is worse for the active
isolation system with inclined mounts. The reason for this is that now the control source
acts simultaneously on two degrees of freedom of the receiver (in-plane and out-of-plane
directions) and so the benefit that can be produced for one degree of freedom is balanced
by the vibrations generated on the other degree of freedom that is excited. The only way
to avoid this problem is to use a pair of actuators in each mount, acting independently
on the two degrees of freedom instead of the single actuator.

In Figures 14 and 15 are shown the results obtained when the four alternative control
strategies are considered with the inclined mounts. The limitations peculiar to these
approaches, presented in the previous sections, also characterize the response of the system
with inclined mounts, and generate a slight worsening of the isolation.

These results suggest that active isolation when using inclined mounts performs more
poorly than active isolation when using vertical mounts. Several simulations were carried

Figure 14. The Power transmitted to a finite 5 mm thick plate when a combined excitation acts on the source
and the mounts are 30° inclined. , Uncontrolled system; -.-.-, velocity cancellation; ......, force cancellation.
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Figure 15. The Power transmitted to a finite 5 mm thick plate when a combined excitation acts on the source
and the mount are 30° inclined. , Uncontrolled system; -.-.-, velocity and force minimization; ......, axial
power minimization.

out for different inclinations of the mounts [33] and the results obtained have shown that
the efficiency is worse than for vertical mounts in all cases. It can thus be concluded that
the best result with an active mount when using only an axial actuator is achieved by using
vertical mounts.

5. EFFECTS GENERATED BY AN UNCONTROLLED FLANKING SOURCE

In many cases, the receiver is influenced by the flanking excitations as well as by forces
directly transmitted from the source through the mounts. Typically, flanking excitation can
be modelled as point forces [24] or by distributed excitation due to incident noise [30]. The
presence of an uncontrolled source acting at the receiver can affect the behaviour of the
active control system. Scheuren et al. [24] produced some experimental results on the effect
of a flanking source.

In this section we consider the effect of a flanking excitation consisting of an out-of-plane
force (Fzf ) acting on the simply supported receiver plate of the isolator system of Figure
1 at xf =0·5 m and yf =0·2 m. The total power input into the receiver (Pr ) and the power
supplied by the isolator (Pt ) and the flanking source (Pf ) are shown in Figure 16. It is
important to point out that these two components of power input into the receiver are
both evaluated with both the primary and flanking excitations acting together, and the
interaction between these two sources affects the power transmitted by them both. The
flanking excitation is considered to be an harmonic excitation, the amplitude of which has
been adjusted so that the power delivered to the receiver by the flanking path action is
around 15 dB less than the power transmitted by the source, as shown in Figure 16. The
power input by the flanking path before control is so low in comparison to the power input
by the source that it can be neglected, and the total power input into the receiver can be
assumed equal to the power input by the source (in Figure 16 the thick line representing
the total power input into the plate (Pr ) is coincident with the thin line representing the
power transmitted to the plate (Pt ) by the source). The dynamics of the receiver plate
before control is thus not significantly influenced by the flanking excitation, and the
vibration of the plate is the same as in the case in which only the source is exciting the
receiver.
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Figure 16. The power transmitted to an infinite 5 mm thick plate when a combined excitation acts on the
source and a flanking excitation acts on the receiver. , Total power; ———, power transmitted through the
mounts (coincident with ( ), ......, power input to the source; -.-.-, power transmitted by the flanking path.

In Figure 17 is shown the total power input into the receiver when the total power
transmitted by the isolator to the receiver is controlled. In this case, the control action is
very poor and on average little attenuation is achieved. When active control is implemented
at low frequency, the total power input to the receiver is actually increased. This result
clearly indicates that the control source strongly interacts with the flanking source in this
case. It has been found that in this case the cost function used by the control system,
equation (5), can assume negative values and, since the optimal control attempts
to minimize this cost function [25, 26], the control source maximizes the power
absorption from the receiver instead of minimizing the power transmission to it (see also
Appendix A).

Therefore, although a ‘‘weak flanking excitation’’ does not transmit a significant
quantity of power to the receiver before control, it can cause the strategy of actively
controlling the total power transmitted through the isolators to fail, since the control forces

Figure 17. The power transmitted to a finite 5 mm thick plate when a combined excitation acts on the source
and a flanking excitation acts on the receiver. , Uncontrolled system; ———, total power minimization at
the mounts junctions.
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Figure 18. The power transmitted to a finite 5 mm thick plate when a combined excitation acts on the source
and a flanking excitation acts on the receiver. , Uncontrolled system; -.-.-, velocity cancellation; ......, force
cancellation.

can absorb power from the flanking path and thus increase the vibration of the receiver
instead of reducing it.

In Figure 18 is shown the effects of the velocity and force control strategies, and it can
be seen that these are not greatly affected by the flanking source and produce similar
attenuation to that seen in Figure 9 for the system where only the source excites the
receiver. This is because after control the structure is constrained from moving at the
isolator mounting points, and since the flanking is close to these points, the velocities at
the point of excitation of the flanking path are reduced and hence its transmitted power
is also reduced.

The total power transmission when using the two alternative control approaches is
shown in Figure 19. When the axial power is controlled, a similar phenomenon is observed
to that which occurs with power minimization isolation. These power circulation effects
are even stronger in this case, however, and very poor active isolation is achieved. The

Figure 19. The power transmitted to a finite 5 mm thick plate when a combined excitation acts on the source
and a flanking excitation acts on the receiver. , Uncontrolled system; -.-.-, velocity and force minimization;
......, axial power minimization.
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control of velocities and forces, equation (19), on the other hand, produces good results.
Comparing Figures 10 and 19 shows that the presence of the flanking source does have
some effect on the control action, but this is quite weak. Thus the main conclusion is that
using velocity and force control is still better than using either velocity or force
cancellation.

When a system is excited by several sources and it is not possible to measure the total
power input into the system from all of them, it is thus preferable to use the traditional
control approaches of velocity or force cancellation, rather than any power based strategy,
although the best results are obtained by using the simultaneous control of velocity and
force.

6. EFFECTS DUE TO MEASUREMENT ERRORS

The performance of a control strategy is also influenced by errors introduced in the
measurement system for the forces and velocities. These include cross-sensitivity and phase
matching measurement errors.

All four control strategies studied in this paper use the measured axial velocity and axial
force beneath the mounts. In the companion paper [4] it has been demonstrated that the
power transmission due to the transverse and angular vibration at the receiver junctions
is at least one order of magnitude smaller than that due to axial vibration. Therefore, in
the following analysis, the cross-sensitivity phenomenon has been neglected and only the
phase matching error has been taken into account. The measured axial velocity or axial
force at the two receiver junctions has been assumed to be equal to

ẇ
 = ẇr efw, N
 zr =Nzr efNz, (19, 20)

where f has been assumed to have a uniform random distribution within a range of 20·2°.
These errors do not affect the velocity or force control strategies, since these two
approaches use only the modulus of the velocity and force. The control strategy based on
axial power minimization, however, does not involve cancellation but minimizes the
product of the velocities and forces. The effect produced by corrupted measurements in
the computation of power can be analyzed by considering the axial power (power due to
out-of-plane velocities and forces) which, without measurement errors, is equal to

P= 1
2Re (N*zr ẇr ). (21)

This can be considered as the real component of a ‘‘complex power quantity’’, defined as

W=N*zr ẇr =P+jQ, (22)

in which the real part P is the ‘‘true power’’ and the complex part Q is called the ‘‘reactive
power’’. These two quantities can be represented in terms of the applied force and the input
mobility as

P= 1
2 Nzr =2Re (mwNz), Q= 1

2=Nzr =2Im(mwNz ), (23, 24)

where the mobility term is given by mwNz = ẇr /Nzr . The observed axial power P
 can thus
be expressed as

P
 = 1
2Re (N
 *z ẇ
 ) (25)

and so

P
 = 1
2Re [(N*z ẇ)(cos fz +j sin fz )], (26)
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Figure 20. The power transmitted to a finite 5 mm thick plate when a combined excitation acts on the source
and the control strategy is corrupted by measurement errors. , Uncontrolled system; -.-.-, velocity and force
minimization; ....., axial power minimization.

where fz =fw −fNz . For small phase matching measurement errors of either ẇr or
Nzr , cos fz 3 1, sin fz 3fz , so that

P
 3 1
2Re[(N*z ẇ)(1+ jfz )]=P−Qfz . (25)

This means that the measured power is corrupted by a fraction of the ‘‘reactive power’’
and this effect is controlled by the phase error fz . Equation (24) shows that the ‘‘reactive
power’’ is proportional to the imaginary part of the mobility term. In the companion paper
[4] it was found that the input mobility of a finite plate has a dominant imaginary
component, while the input mobility of an infinite plate has a dominant real part. The
measurement errors are thus expected to be more important when the plate is finite rather
than when it is infinite.

In Figure 20 is shown the frequency distribution of the power transmitted to the finite
receiver plate when the observed axial power and velocity and force are minimized with
residual phase errors of less than 0·2° in the transducers. Upon comparing this picture with
Figure 10, it is evident that the measurement errors greatly affect the control action when
axial power is minimized. The large reactive power at the finite receiver plate combined
with the circulation of power phenomenon described in section 3.1 greatly limits the
effectiveness of the axial power control strategy. The control strategy of velocity and force
minimization is shown to be unaffected by the presence of the phase errors, since only the
modulus of the velocity and force are used.

7. FEASIBILITY OF CONTROLLER SYSTEM

The results presented in the previous sections define the physical limitations of each
control strategy when using an ideal feedforward control system. In practice, a feedforward
control system generally uses an internal model of the response of the system under
control, the ‘‘plant’’, and its performance depends on the accuracy of such a model [34].
In the frequency domain the ‘‘plant response’’ is the complex ratio of the output of the
error sensor to the input to the control actuator. Feedback controllers also often use an
explicit or implicit internal model of the plant response and errors in this plant model can
lead to instability [35]. The complexity of the plant response in this case is thus of
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considerable importance and could be of two forms depending on whether the velocity or
force signal is used in the cost function.

In this section an examination is presented on the form of these two plant responses
which, at a single frequency, are given by square matrices, the elements of which are the
transfer responses from the two control forces (Fs1, Fs2) to either the two velocities (ẇr1, ẇr2)
or the two forces (Nzr1, Nzr2). Because the geometry of the complete isolator system
considered in this paper is symmetric, the velocity or force plant matrices are also
symmetric and can be written as

Gv (v)=$Gv1(v)
Gv2(v)

Gv2(v)
Gv1(v)%, Gf (v)=$Gf1(v)

Gf2(v)
Gf2(v)
Gf1(v)%. (26)

where

Gv1 = ẇr1/Fs1 = ẇr2/Fs2, Gv2 = ẇr1/Fs2 = ẇr2/Fs1,

Gf1 =Nzr1/Fs1 =Nzr2/Fs2, Gf2 =Nzr1/Fs2 =Nzr2/Fs1. (27–30)

In Figures 21 and 22 are shown the modulus and phase of the frequency responses relating
the out-of-plane velocities ẇr1 and ẇr2 to a unit axial control force Fs1(Gv1, Gv2), while in
Figures 23 and 24 are shown the modulus and phase of the frequency responses relating
the out-of-plane forces Nzr1 and Nzr2 to a unit axial control force Fs1(Gf1, Gf2). From these
four figures it can be seen that when controlling the force, the diagonal plant response,
Gf1, tends to be a relatively smooth function for frequencies above about 100 Hz
(Figure 23), while the diagonal plant responses for velocity control, Gv1 (Figure 21), are
not so smooth.

Thus, if a single mount isolator system is considered, as reported in reference [3], it
should be easier to implement the controller for force cancellation since, at frequencies
above 100 Hz, the plant can be accurately approximated by a uniform gain. If the response
of the receiving structure changes due, for example, to temperature or loading variations,
all of the resonance frequencies will shift, but the higher resonances will tend to be affected
to a great extent. If a fixed plant model is used, then a control strategy using only force

Figure 21. The modulus and phase of ẇr1, the out-of-plane velocity at receiver junction, when only unit control
force Fs1 =1 is acting. ———, Finite plate; , infinite plate.
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Figure 22. The modulus and phase of ẇr2, the out-of-plane velocity at receiver, when only unit control force
Fs1 =1 is acting. ———, Finite plate; infinite plate; , infinite plate.

transducers will thus be more robust to these changes than one using velocity transducers.
These observations are consistent with those of Blackwood and von Flotow [3].

However, when a two-mount isolating system is used, it may be necessary to consider
both the diagonal and off-diagonal terms in the plant matrix. The off-diagonal component
of the plant response for force control is shown in Figure 24, and is just as influenced by
the receiver dynamics as the off-diagonal component for velocity cancellation, shown by
Figure 22. Multi-channel control systems using force transducers may thus not show the
same robustness to plant variations as observed for single channel systems.

When the receiving structure is more heavily damped, the resonances in the receiving
structure will have less effect on both plant responses, and the extreme case of this is shown
by the thick lines in Figures 21–24, in which case an infinite receiving structure has been

Figure 23. The modulus and phase of Nzr1, the out-of-plane force at receiver junction, when only unit control
force Fs1 =1 is acting. ———, Finite plate; , infinite plate.
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Figure 24. The modulus and phase of Nzr2, out-of-plane force at receiver junction, when only unit control force
Fs1 =1 is acting. ———, Finite plate; , infinite plate.

assumed. In this case the plant responses are similarly smooth whether controlling force
or velocities.

8. CONCLUSIONS

This paper presents the results of a study of active isolation from a rigid source structure
through multiple mounts to a reactive receiver structure.

A detailed theoretical analysis has been presented of an active isolator modelled by using
multiple-distributed mounts and a distributed receiver. In particular, a case has been
studied in which the source is a rigid mass, free to move in two directions and rotate in
a plane, connected to an infinite or finite plate by a pair of active mounts. These two types
of receiving plate were chosen to simulate either a system with a very damped receiving
structure, in which the dynamics are due only to wave propagation, or a system with a
lightly damped receiver, in which the dynamics are dominated by modal behaviour. The
active mounts were modelled as a ring of rubber through which the secondary force acted.
At low frequencies, below 20 Hz, such an isolating system is characterized by rigid body
modes, that is: a transverse mode, an axial mode and a pitching mode. At higher
frequencies the response is characterised by the modes of the distributed mounts and by
the modes of the receiver when it is assumed to be a finite plate.

In the analysis a matrix model is used based on input and transfer mobility or impedance
terms of the three members, and the details of such a model were presented in a companion
paper [4]. The vibration transmitted to the receiver has been described in terms of total
structural power, since this single quantity provides a convenient way of comparing the
effects of different forms of motion.

The effectiveness of minimizing the total power transmitted to the receiver has been
compared with the cancellation of axial velocity or force at the receiver junctions, with
the minimization of axial power and finally with the minimization of the weighted sum
of square value of both the axial velocities and forces at the receiver junctions. The
minimization of total power transmitted from the source to the receiver is the optimal
control strategy and is used as a benchmark against which the other four strategies are
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gauged. The simulations have shown an average reduction of the power transmitted to the
receiver of 30 dB for both infinite and finite plates. The cancellation of velocities or forces
is less effective, and on average the transmission of power to the receiver is reduced to
20 dB, but when the rigid body modes of the source are excited the power transmitted after
control can be even greater than the power transmitted by the passive isolator. The
simulations carried out have revealed the interesting phenomenon that after control only
two rigid body modes exists. This is because the axial control forces completely decouple
the axial oscillation of the source from the mounts and thus cause the axial mode to
disappear. Also, because the axial vibration is now decoupled, the transverse and pitching
modes are controlled only by the bending stiffness of the mounts (instead of bending and
normal stiffness) and therefore their natural frequencies are reduced.

The control strategy of minimizing axial power also generally gives poor results
compared with minimizing total power. The average reduction is much lower than for the
case of total power minimization or velocity or force cancellation. Over a certain frequency
range the power transmitted after control is even greater than the power transmitted by
the passive isolator. It has been found that when the axial power is minimized the
phenomenon of power circulation can occur. The cost function in this case can assume
negative values indicating a process of maximization of the power absorption. The control
sources tend to absorb power from the receiver through axial vibration and this power
is supplied to the plate by the transverse and angular vibration of the mounts. Hence the
transmission of power to the receiver after control can be a complex phenomenon that
requires a sophisticated multi-degree-of-freedom model to be accurately represented.

Finally, the minimization of a cost function which consists of the weighted sum of
squares of the axial velocity and force has been shown to provide a particularly interesting
result, since the isolation is then very close to the one achieved when total power is
controlled. This approach has been found to be particularly effective when the receiver is
a finite system. The reason for this is related to the dynamics of the receiver system after
control. When velocity or force cancellation control strategies are used, poor results are
achieved when the modes of the receiver system are excited. These modes occur at different
frequencies in the two control cases, and therefore the problem generated by the resonances
of the receiver system can be avoided by using a control strategy in which velocity and
force are simultaneously minimized.

In the second part of the paper the presence of an uncontrolled flanking source has been
considered, the amplitude of which has been adjusted so that the power delivered to the
receiver by the flanking path is around 15 dB less than the power transmitted to the receiver
through the mounts. Therefore the dynamics of the receiver plate before control are not
significantly influenced by the flanking excitation, and the vibration of the plate is similar
to that in the case in which the mounts are the only source of transmission to the receiver.
The simulations carried out have shown that this flanking excitation can adversely affect
the two control strategies involving power minimization. The problem is due to the fact
that the control sources can maximize power absorption by the secondary source instead
of minimizing the total power transmitted from the source to the receiver. This power is
supplied by the flanking source, and although it is negligible before control it can become
a significant source of power when it interacts with the control forces. The strategy of
minimizing the total observed power thus can only be considered as being optimal if the
power produced by all of the sources acting on the receiver and related to all degrees of
freedom of the system are accounted for in the measurement.

In the third part of the paper the effects generated by errors in measuring the controlled
parameters has been considered. The control strategies of cancellation of velocity, force
and the minimization of velocity and force are all robust to measurement errors, while the
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power control functions are sensitive to small measurement errors which make these
approaches very demanding in terms of sensor technology when compared with the control
strategies of cancelling forces or velocities.

Finally, the demands that the various control strategies place on the control system have
been briefly considered. Of particular interest was the potential change in the various plant
responses due to changes in receiver dynamics, which could affect the robustness of a
control system. It has been found that, when a single mount isolating system is used, the
force cancellation strategy leads to a plant response that is less affected by the receiver
dynamics than the strategy of velocity cancellation. However, when the isolator system has
multiple mounts the advantages of force cancellation are not as clear-cut, since the plant
cross coupling terms for both velocity and force control appear to be similarly offended
by the receiver dynamics.
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APPENDIX A: POWER MINIMIZATION WITH UNOBSERVED PRIMARY EXCITATION

In this Appendix an examination is presented of the theoretical behaviour of the power
minimization strategy if not all the primary excitations acting on the system are observed
in the cost function being minimized. The unobserved primary excitation may be a separate
flanking path, or it may be a component of the primary source motion, the influence of
which is not observed by the sensors. In general, there may also be force components of
the secondary actuation which are not observed by the control system, but these are
excluded here for clarity.
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One thus considers three separate vectors of forces acting on the structure, which may
include moments: fp is the vector of primary forces measured by the control system, fs is
the vector of secondary forces measured by the control system and fu is the vector of
unobserved forces acting on the structure.

The power input to the structure, as observed by the control system, can be written as

P0 = 1
2Re (fH

p vp + fH
s vs ), (A1)

where vp and vs are the vectors of velocities at the points of application of the primary and
secondary forces. These velocities are generated by the primary, secondary and unobserved
forces, however, and can thus be written as

6vp

vs7=$Mpp

Msp

Mps

Mss%6fp

fs7+$Mpu

Msu%fu , (A2)

where Mpp , Mps , Msp , Mss , Mpu and Msu are the input and transfer mobility matrices for
the various excitation points on the structure. Equation (A2) for the velocities at points
of application of the primary and secondary forces can be substituted into equation (A1)
to give an expression for the observed power which, when written in Hermitian quadratic
form [25], becomes

P0 = 1
2[f

H
s Rss fs + fH

s (Rsp fp + 1
2Msu fu )+ (fH

p RH
ps + 1

2f
H
u MH

us )fs

+ fH
p RH

pp fp + fH
p Mpu fu + fH

u MH
up fp ], (A3)

where Rpp , Rps , Rsp and Rss are the matrices of the real parts of the elements of Mpp , Mps ,
Msp , Mss . Equation (A3) has a minimum value for a set of secondary forces given by

fs =−R−1
ss [Rsp fp + 1

2Msu fu ]. (A4)

It is interesting to note that this set of secondary forces is the sum of those that would
have minimized the true input power if there had been no unobserved excitations (fu =0)
and those that maximize the power absorption of fs in the presence of the unobserved
excitation only (fp =0).

Equation (A4) can be used to obtain an expression for the true input power to the
structure after control, although this is a little unwieldy. The main point to note is that
if all the sources of power input to the structure are not accounted for in the cost function
being minimized, the power minimization control strategy will act to absorb power from
the unobserved excitations to the system. This has previously been shown to run the risk
of increasing the total power supplied to the system [31, 33, 36].


